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Pair creation in heavy ion channeling
N. A. Belov and Z. Harman
Max Planck Institute for Nuclear Physics, Saupfercheckweg 1, 69117 Heidelberg, Germany
Heavy ions channeling through crystals with multi-GeV kinetic energies can create electron-
positron pairs. In the framework of the ion, the energy of virtual photons arising from the periodic
crystal potential may exceed the threshold 2mc2. The repeated periodic collisions with the crys-
tal ions yield high pair production rates. When the virtual photon frequency matches a nuclear
transition in the ion, the production rate can be resonantly increased. In this two-step excitation-
pair conversion scheme, the excitation rates are coherently enhanced, and they scale approximately
quadratically with the number of crystal sites along the channel.
PACS numbers: 23.20.Ra,61.85.+p,24.30.-v,14.60.Cd
The creation of particle-antiparticle pairs from vac-
uum [1] is one of the most intriguing features of quan-
tum field theory. A broad variety of pair creation (PC)
mechanisms have been predicted and experimentally ob-
served, e.g., in intense optical or x-ray fields [2–13], in
ion-ion [14–18], ion-photon [19] and ion-electron [20] colli-
sions, in tokamak plasmas [21], as well as in astrophysical
environments such as, e.g., pulsars [22]. In projected ex-
periments at the Facility for Antiproton and Ion Research
(FAIR), it will be possible to study PC in the Coulomb
field of heavy ions during their collision [23, 24].
In this Letter we put forward an alternative mechanism
of electron-positron PC in ion planar channeling through
a crystal [see Fig. 1(a)]. In the reference frame of the
travelling ions, the electromagnetic field of the periodic
crystal structure may be regarded as a field of virtual
photons with well-defined, equidistantly spaced discrete
frequencies. For fast ions, these frequencies may extend
into the MeV range, surpassing the PC threshold. In a di-
rect channeling PC process, at all photon energies above
this threshold value, a free-free or bound-free pair can
be created; in the latter case, the electron is immediately
captured into a bound state of the ion. In addition, when
the virtual-photon frequency matches a nuclear transi-
tion in the channeling ion, a two-step resonant process
may occur, in which first the nucleus is excited, then it
decays by internal pair conversion. After multiple inter-
fering periodic interactions of the channeling heavy ion
with the crystal sites, PC occurs with significantly en-
hanced probability as compared to the collision of single
ions. PC with channeling ions may also be regarded as a
feasible alternative to photo-production with a currently
non-existing intense coherent gamma-ray field.
Atomic and nuclear resonant excitations in axial chan-
neling were firstly described by Okorokov [25, 26].
Recently, resonant coherent excitation (RCE) of ions
was experimentally investigated [27–33], with ions as
heavy as 238U89+ [27] and transition energies as high
as 6.7 keV [28]. These experiments are planned to
be extended to the 100-keV excitation of hydrogenlike
238U91+ [27, 34], therefore, it is reasonable to anticipate
that further developments will reach the MeV regime of
Figure 1: (a) Schematic view of pair production in heavy
ion channeling. (b) Typical virtual photon spectrum of the
crystal. Diagrams for (c) direct production by an equivalent
photon and (d) pair creation proceeding through nuclear ex-
citation.
PC. A general formalism for atomic excitations is pre-
sented in, e.g., Refs. [35–37], while in Refs. [38, 39], a
framework suitable for describing nuclear excitation in
channeling has been developed. Crystal-assisted PC by
synchrotron radiation gamma photons has been theoreti-
cally formulated in [40]. In this process, only free leptons
can be produced, thus one cannot exploit the advantage
of resonances of the virtual-photon density of the crystal.
The two cases of direct and nuclear-resonant PC are
schematically presented in Fig. 1(c) and (d), respec-
tively. Electromagnetic processes in ion channeling can
be described by the presence of virtual photons of the
crystal field (see, e.g., [39]). The spectral density of
virtual (equivalent) photons of frequency ω can be de-
rived [38] by the help of the classical Weizsa¨cker-Williams
method [41]. This approximation is valid in the ul-
trarelativistic case, i.e. when the Lorentz factor γ =(
1− v
2
/c2
)−1/2
≫ 1 (with v being is the ion velocity and
2c the speed of light), and yields the spectral density
dn(γ, ω)
dω
=
I2(ω)
v~ω(2π)4
sin2
(
ωaN
2γv
)
sin2
(
ωa
2γv
) e−(ωδγv )2
+
I2(ω)
v~ω(2π)4
N
(
I1(ω)
I2(ω)
− e−(
ωδ
γv )
2
)
. (1)
Here, ~ stands for the reduced Planck constant, N is the
number of atoms in a crystal channel, a denotes the lat-
tice constant, and δ stands for the amplitude of thermal
oscillations. The integrals I1 and I2 are given by
I1(ω) =
∫
d2k⊥k
2
⊥
V 2
k
,
I2(ω) =
∫
d2k⊥k
2
⊥
V 2
k
exp−k
2
⊥
δ2 , (2)
with the 2-dimensional transverse wave vector k2
⊥
= k2−(
ω
γv
)2
, and Vk being the Fourier transform of a single
atom’s potential in the crystal. It follows from Eq. (1)
that at the energies ωn = 2πnγv/a, n ∈ [1, 2, 3, . . . ], the
virtual photon spectrum exhibits maxima proportional
to N2 [see Fig. 1(b)]. The photon energies ωn can be
experimentally tuned by choosing the proper γ. Due to
restrictions caused by thermal vibrations of the lattice
atoms, typically harmonics with n < 10 are used [42].
Direct PC process. In this process, illustrated in
Fig. 1(c), the outgoing positrons possess a continuous
spectrum for free-free PC, and a monochromatic energy
in the bound-free case. We define, following [38], the
cross section σchanPC of PC via channeling as the convolu-
tion of the virtual photon density with the cross section
σPC of PC by a real photon:
σchanPC (γ) =
∫
dωσPC(ω)
dn(γ, ω)
dω
, (3)
where σPC(ω) can either represent the cross section of
bound-free (bf) or free-free (ff) PC. The number of
pairs created in unit time can be expressed as N˙ chanPC =
SΦσchanPC /a
2, with S being the cross sectional area of the
ion beam and Φ its flux. The cross section for bound-free
PC in the Coulomb nuclear field by an external photon
is [19]
σPC,bf(ω) =
2π2αλ2C
ω
∑
λ
∑
JLMMb
|MλJLMMb(ω)|
2
, (4)
where α is the fine-structure constant, λC denotes the
electrons Compton wavelength, λ = ±1 is the helicity
of the photon, Mb is the magnetic quantum number of
the created bound electron, and the quantum numbers
J , L and M correspond to the partial waves of the free-
positron wave function. The matrix element is given as
MλMbJLM (ω) =
∫
d3rψ∗b(r) [α · eλ] e
iωrψJLM (r) , (5)
Table I: Cross sections (in barn) for the direct bound-
free/free-free pair production by a bare ion with a charge Z,
and γ corresponding to the energy ω′ for n = 6 and N = 100.
ω′ (in MeV) is the maximum of the direct bound-free pair
production cross section, following Ref. [19]. The notation
a[b] stands for a× 10b.
Z ω′ γ σchanPC σ
coll
PC σPC
1 3.2 123 8.3[−6]/1.1[3] 8.3[−8]/1.2[1] 2.8[−10]/7.6[−10]
25 3.1 119 4.5[1]/7.0[5] 4.5[−1]/7.2[3] 1.3[−3]/3.4[−3]
50 3.1 119 1.0[3]/2.8[6] 1.0[1]/2.9[4] 2.6[−2]/6.8[−2]
75 1.5 59.3 4.9[3]/5.7[6] 4.9[1]/5.8[4] 1.7[−1]/7.5[−2]
92 1.5 59.3 1.3[4]/8.6[6] 1.3[2]/8.7[4] 4.6[−1]/2.1[−1]
where ψJLM is the positron wave function in the
Coulomb field of the nucleus, ψb is the bound-electron
wave function, and α is the 3-vector of alpha matrices.
Formulas for free-free PC may be similarly derived, in-
volving an additional summation over the partial waves
of the free electron. This approach, neglecting the in-
teraction of the created particles with the periodic field,
can be employed because, for the high frequencies present
here, the classical nonlinearity parameter ξ0 =
eE
mω [4],
written in terms of the crystals electric field strength E
in the framework of the ion and the unit charge e, is
much less than unity. σPC,bf has an energy threshold at
2mc2−Eb, with Eb being the binding energy of the cre-
ated electron. After this threshold, σPC,bf increases with
energy up to a given maximal value, whose position and
value depend on the nuclear charge.
In Tab. I we present cross-section values for direct PC
for different charges Z of the ion channeling in an Au
crystal, at energy ω′, corresponding to the maximum of
the direct bound-free PC cross section. We choose to
match the energy of the 6th harmonic of the virtual pho-
ton density (1). The advantage of using heavy ions is
justified by the following scaling low: the cross section
σPC scales with the charge number as ≈ Z
5−ǫ, 0 ≤ ǫ ≤ 1,
and the Z-scaling of σchanPC is given by that of σPC [see
Eq. (3)]. At high virtual photon energies, the PC cross
section decreases and vanishes asymptotically. The cross
section σchanPC is compared to the cross section σ
coll
PC of the
PC in the single Coulomb collision process (estimated
from the channeling cross section with the substitution
of N = 1), and with the cross section σPC of pair photo-
production in the nuclear Coulomb field [19]. In both
cases, one can see a significant increase. The cross sec-
tions can be translated to pair creation rates, assuming
e.g. an ion beam cross section of S = 1 cm2 and flux
Φ = 1010/(cm2s), yielding N˙ chan
PC,bf =600/s, 2900/s and
7800/s, for Z =50, 75 and 92, respectively.
One may define a ratio R(γ) of the cross section of the
coherent interaction with N atoms to the incoherent one
as follows: R(γ) = σchanPC (γ)/
(
NσcollPC (γ)
)
. This parame-
3ter measures the coherence in the channeling process. For
the cases shown in Tab. I, R is practically equal to unity,
showing that there is no enhancement due to coherence
for direct PC via channeling. This is explained by the
broadness of the continuous spectrum of photons which
can create a pair, as compared to the width 2γv/(aN)
of a photon density peak. In other words, the coher-
ence length of photo-production is much shorter than the
Lorentz-contracted crystal length aN/γ.
High ion kinetic energies are needed to meet the reso-
nance conditions for the virtual-photon energies required
for direct PC by ion channeling. Such energies can be
reached, for instance, by the projected FAIR accelera-
tors [24] or in the Large Hadron Collider [43]. Laser-
accelerated ion beams, anticipated to eventually reach
the GeV regime [44, 45], may also provide a viable alter-
native in future. One possible way to reduce the required
ion kinetic energy is to use higher crystal-field harmon-
ics. This may be more feasible at high ion energies than
at the low energies of the RCE experiments performed
thus far [27–33], because fast ions interact less with the
crystal electrons, suppressing decoherence.
PC proceeding via nuclear resonances. The cross sec-
tion of the first step of the process shown on Fig. 1(d),
namely, the RCE of the nucleus passing through the crys-
tal, can be given as [38, 39]
σchanN (γ) =
∫
dωσN(ω)
dn(γ, ω)
dω
, (6)
with the cross section of nuclear excitation with a real
photon of frequency ω,
σN(ω) = g
πc2
ω20
Γ2
rad
(ω − ω0)2 + Γ2/4
, (7)
where ω0 is the nuclear excitation energy. The statisti-
cal factor g = (2If + 1)(2Ii + 1) depends on the angular
momenta Ii (If ) of the initial (final) nuclear states, Γ is
the total width of the excited nuclear level, and Γrad is
its radiative width. To obtain the cross section for the
total two-step process of ion excitation–de-excitation by
PC, σchanN is multiplied by the coefficient of pair conver-
sion. We introduce this coefficient βbf for the bound-free
case to be the ratio of the transition probabilities of PC
and radiative decay: βbf = Pbf/Prad. This rate can be
calculated, e.g., following Refs. [46, 47]. One obtains the
following expressions in dependence of the corresponding
nuclear transition multipolarity, i.e., the angular momen-
tum L′ and parity of the transition:
βbf(EL
′) =
∑
κκ′
4παω
L′(L′ + 1)
s|κκ′| (8)
×|(κ− κ′)(R3 +R4) + L
′(R1 +R2 +R3 −R4)|
2 ,
βbf(ML
′) =
∑
κκ′
4παω
L′(L′ + 1)
s|κκ′||(κ+ κ′)(R3 +R4)|
2 ,
Figure 2: (a) The preferred 3-level scheme and (b) the level
scheme for one of the possible elements, 168Er.
Table II: Nuclear data for different elements corresponding to
the level scheme introduced at Fig. 2(a). Energies are given
in units of keV.
168Er 72Ge 115Sn
EN1 1094 691.4 612.8
EN2 1542 1464 1416.9
EN3 79.8 0 0
ω1 447.6 772.6 807.1
ω2 1462 1464 1416.9
τ1 109 ns 444 ns 3.26 µs
Γ (meV) 0.082 0.15 1.88
ρN2→N3 0.0058 0.124 0.739
βbfN2→N3 · 10
4 9.3 0.55 2.0
βffN2→N3 · 10
4 0.77 0.74 0.52
where we introduced in terms of a 3j-symbol
s =
(
j j′ L
1
2
− 1
2
0
)2
. (9)
Here, κ and κ′ are Dirac angular momentum quantum
numbers. The radial integrals R1, . . . , R6 are defined as
in [47] with the analytical form of the fermionic Coulomb
wave functions for bound and free particles. All results
are obtained for the 1s electron orbital having a maximal
overlap with the nucleus. Equation (8) can be adopted
to the free-free case (βff) in a straightforward manner.
The cross section of the two-step nuclear excitation-
pair conversion (NEPC) process for channeling ions can
be written as
σchanNEPC(γ) = σ
chan
N (γ)Bβ , (10)
where B is the branching ratio of the gamma decay cor-
responding to the PC transition, and β = βbf or βff .
One can see in Eq. (10) that the cross section for the
excitation σchanN and the rate for the de-excitation β are
independent and, in principle, may correspond to differ-
ent transitions to/from some excited nuclear state N2.
Let us rewrite the total cross section as
σchanNEPC(ω
N1→N2
1 , ω
N2→N3
2 ) = (11)
σchanN (ω
N1→N2
1 )B
N2→N3β(ωN2→N32 ) .
4Table III: The dependence of the ion’s γ factor and the exci-
tation cross section σchanN (in barn) on the harmonic order n
at certain value of N = 100 for different ω1. The last column
gives the ratio R, depending on n only and not on the atomic
properties for all narrow transitions (i.e. those with a line
width below the bandwidth of the virtual photon spectrum).
168Er 72Ge 115Sn
ω1= 447.6 keV 772.6 keV 807.1 keV
n γ σchanN γ σ
chan
N γ σ
chan
N R
1 104 8.2 180 0.023 188 1.8 69
2 52 7.2 90 0.020 94 1.6 66
4 26 6.2 45 0.018 47 1.3 63
6 17 5.7 30 0.016 31 1.2 61
8 13 5.3 22 0.015 23 1.1 59
10 10 5.0 18 0.014 19 1.1 57
Levels N1, N2 and N3 are depicted on the three-level
scheme of Fig. 2(a). The energy ωN2→N32 has to exceed
the bound-free PC threshold 2mc2 − Ee−
bound
. The ex-
citation energy ωN1→N21 is not restricted, and from an
experimental point of view it is preferable to utilize a
transition with a lower energy. It is more advantageous
for level N1 to be metastable, in order to be able to pre-
pare the nuclei in this state before injecting them into the
crystal. One of the possible elements is 168Er, with its
level scheme shown in Fig. 2(b). Results for the pair con-
version coefficients β for this isotope, together with data
for other potentially suitable elements, 72Ge and 115Sn,
are given in Tab. II.
Once the nuclear transitions involved and the type of
crystal are fixed, the only variable parameters are the
thickness of the crystal determined by N , and the har-
monic order n. The dependence of the ion kinetic en-
ergy, connected with γ, and of the excitation cross section
σchanN on n at certain value of N is presented in Tab. III.
The largest cross section is reached at the fundamen-
tal frequency, however, the cross section decreases slowly
with increasing n, therefore, it is again preferable to tune
the γ factor to higher harmonics. Values of the coherent
enhancement factor R are also given in Tab. III. R(γ)
only weakly depends on the element and the transition,
and is mostly influenced by the harmonic order n, and
by N . The dependence of R on γ is shown in Fig. 3 for
the case of the 447.6-keV transition in 168Er. The figure
shows that, for a crystal as thin as 1000 atoms, which is
typically used in experiments [27], one can achieve a co-
herent PC enhancement by 3 orders of magnitude. By the
help of high-energy ion beams (up to 33 GeV/u or γ=35)
provided by the FAIR facility in the near future [24], one
can investigate all elements in Tab. III.
The first two lines of the Tab. IV demonstrate the be-
havior of the nuclear excitation cross section σchanN on N ,
the number of ion sites along the channel. One can ob-
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Figure 3: The ratio R(γ) for the case of 447.6 keV transition
in 168Er nucleus. Here, N=1000, and n=10.
Table IV: The cross section (in barn) of bound-free and free-
free pair creation via nuclear resonances and the coherence
parameter R, for different crystal thicknesses (N = 100, 1000)
with a fixed harmonic order (n = 6).
N 168Er 72Ge 115Sn
σN 100 5.7[0] 1.6[-2] 1.2[0]
1000 5.6[2] 1.6[0] 1.2[2]
R(γ) 100 60.5 60.6 60.5
1000 601 604 602
σbftot 100 3.1[-5] 1.1[-7] 1.8[-4]
1000 3.0[-3] 1.1[-5] 1.8[-2]
σfftot 100 2.5[-6] 1.4[-7] 4.7[-5]
1000 2.5[-4] 1.4[-5] 4.6[-3]
serve a significant – quadratic – enhancement of the cross
section with increase of N . Employing a thicker crystal
with higher N is experimentally limited by restrictions
due to deviations from a straight ion trajectory in the
crystal. One may provide more precise Monte-Carlo sim-
ulations to model the ion trajectories, if it is necessary
to increase the crystal thickness even further. The total
cross section of the two-step process NEPC can be calcu-
lated by Eq. (11), using data from Tables II and III. In
Tab. IV (last 4 rows) results are presented for this cross
section for different thicknesses of the crystal (N = 100,
1000) with a fixed harmonic number (n = 6). The rate
of created pairs is also proportional to N2.
Summary. Direct PC and PC via nuclear excitation
in heavy ion collisions can be significantly enhanced by
multiple periodic collisions in a crystal channeling experi-
ment. The direct process is associated with high creation
rates increasing approximately linearly with the number
of crystal sites in the channel. As for PC proceeding
via nuclear resonances which typically have lower prob-
abilities, the coherent nature of the excitation process
yields a quadratic scaling with the number of collisions,
resulting in observable PC rates. These studies comple-
ment PC by different strong electromagnetic fields such
5as optical or x-ray lasers [5]. The ion kinetic energies re-
quired for such investigations can be reached by present
and upcoming experimental facilities, such as, e.g., FAIR.
Laser-accelerated ions may also be considered in future
for such studies.
We acknowledge insightful conversations with
Christoph H. Keitel, Antonino Di Piazza and Karen Z.
Hatsagortsyan.
[1] P. A. M. Dirac, Proc. R. Soc. A 117, 610 (1928).
[2] G. Sarri, W. Schumaker, A. Di Piazza, M. Vargas,
B. Dromey, M. E. Dieckmann, V. Chvykov, A. Maksim-
chuk, V. Yanovsky, Z. H. He, et al., Phys. Rev. Lett. 110,
255002 (2013).
[3] A. Gonoskov, I. Gonoskov, C. Harvey, A. Ilderton,
A. Kim, M. Marklund, G. Mourou, and A. Sergeev, Phys.
Rev. Lett. 111, 060404 (2013).
[4] A. Di Piazza, C. Mu¨ller, K. Z. Hatsagortsyan, and C. H.
Keitel, Rev. Mod. Phys. 84, 1177 (2012).
[5] Extreme Light Infrastructure European Project,
www.extreme-light-infrastructure.eu (2011).
[6] H. Chen, S. Wilks, D. Meyerhofer, J. Bonlie, C. Chen,
S. Chen, C. Courtois, L. Elberson, G. Gregori, W. Kruer,
et al., Phys. Rev. Lett. 105, 015003 (2010).
[7] A. M. Fedotov, N. B. Narozhny, G. Mourou, and G. Korn,
Phys. Rev. Lett. 105, 080402 (2010).
[8] M. Ruf, G. R. Mocken, C. Mu¨ller, K. Z. Hatsagortsyan,
and C. H. Keitel, Phys. Rev. Lett. 102, 080402 (2009).
[9] A. Di Piazza, E. Lo¨tstedt, A. I. Milstein, and C. H. Kei-
tel, Phys. Rev. Lett. 103, 170403 (2009).
[10] A. R. Bell and J. G. Kirk, Phys. Rev. Lett. 101, 200403
(2008).
[11] R. Schu¨tzhold, H. Gies, and G. Dunne, Phys. Rev. Lett.
101, 130404 (2008).
[12] C. Mu¨ller, A. B. Voitkiv, and N. Gru¨n, Phys. Rev. Lett.
91, 223601 (2003).
[13] R. Alkofer, M. B. Hecht, C. D. Roberts, S. M. Schmidt,
and D. V. Vinnik, Phys. Rev. Lett. 87, 193902 (2001).
[14] G. Baur, K. Hencken, and D. Trautmann, Phys. Rep.
453, 1 (2007).
[15] G. Q. Li and C. Gale, Phys. Rev. Lett. 81, 1572 (1998).
[16] C. R. Vane, S. Datz, P. F. Dittner, H. F. Krause,
C. Bottcher, M. Strayer, R. Schuch, H. Gao, and R. Hut-
ton, Phys. Rev. Lett. 69, 1911 (1992).
[17] K. Rumrich, K. Momberger, G. Soff, W. Greiner,
N. Gru¨n, and W. Scheid, Phys. Rev. Lett. 66, 2613
(1991).
[18] W. Greiner, B. Mu¨ller, and J. Rafelski, ”Quantum Elec-
trodynamics of Strong Fields: With an Introduction
into Modern Relativistic Quantum Mechanics” (Springer
Publishing Company, Inc., 1985).
[19] C. K. Agger and A. H. Sørensen, Phys. Rev. A 55, 402
(1997).
[20] A. N. Artemyev, T. Beier, J. Eichler, A. E. Klasnikov,
C. Kozhuharov, V. M. Shabaev, T. Sto¨hlker, and V. A.
Yerokhin, Phys. Rev. A 67, 052711 (2003).
[21] P. Helander and D. J. Ward, Phys. Rev. Lett. 90, 135004
(2003).
[22] A. Shabad and V. Usov, Nature 295, 215 (1982).
[23] FAIR Conceptual Design Report, Gesellschaft fu¨r Schwe-
rionenforschung, www.gsi.de (2001).
[24] T. Aumann, K. Langanke, K. Peters, and Th. Sto¨hlker,
EPJ Web Conf. 3, 01006 (2010).
[25] V. Okorokov, JETP Lett. 2, 111 (1965).
[26] V. Okorokov, Sov. J. Nucl. Phys. 2, 719 (1965).
[27] Y. Nakano, Y. Takano, T. Ikeda, Y. Kanai, S. Suda,
T. Azuma, H. Bra¨uning, A. Bra¨uning-Demian, D. Dau-
vergne, T. Sto¨hlker, et al., Phys. Rev. A 87, 060501
(2013).
[28] Y. Nakano, C. Kondo, A. Hatakeyama, Y. Nakai,
T. Azuma, K. Komaki, Y. Yamazaki, E. Takada, and
T. Murakami, Phys. Rev. Lett. 102, 085502 (2009).
[29] Y. Nakai, Y. Nakano, T. Azuma, A. Hatakeyama,
C. Kondo, K. Komaki, Y. Yamazaki, E. Takada, and
T. Murakami, Phys. Rev. Lett. 101, 113201 (2008).
[30] E. Testa, P. N. Abufager, F. Bosch, A. Bra¨uning-Demian,
H. Bra¨uning, M. Chevallier, C. Cohen, D. Dauvergne,
A. Gumberidze, A. L’Hoir, et al., Phys. Rev. A 76 (2009).
[31] C. Kondo, S. Masugi, Y. Nakano, A. Hatakeyama,
T. Azuma, K. Komaki, Y. Yamazaki, T. Murakami, and
E. Takada, Phys. Rev. Lett. 97, 135503 (2006).
[32] S. Andriamonje, K. Beckert, M. Chevallier, C. Cohen,
D. Dauvergne, J. Dural, H. Eickhoff, B. Franzke, H. Geis-
sel, R. Kirsch, et al., Journal of Physics B: Atomic,
Molecular and Optical Physics 30, 5099 (1997).
[33] S. Andriamonje, M. Chevallier, C. Cohen, N. Cue,
D. Dauvergne, J. Dural, R. Genre, Y. Girard, R. Kirsch,
A. l’Hoir, et al., Phys. Lett. A 164, 184 (1992).
[34] Th. Sto¨hlker, private communication (2014).
[35] V. V. Balashov and I. V. Bodrenko, Phys. Lett. A 352,
129 (2006).
[36] S. Shindo and Y. H. Ohtsuki, Physical Review B 14, 3925
(1976).
[37] H. Crawford and R. H. Ritchie, Physical Review A 20,
1848 (1979).
[38] Y. L. Pivovarov and A. A. Shirokov, Sov. J. Nucl. Phys.
44, 569 (1986).
[39] Y. L. Pivovarov, A. A. Shirokov, and S. A. Vorobiev,
Nuclear Physics A 509, 800 (1990).
[40] N. Cue and J. C. Kimball, Physics Reports 125, 69
(1985).
[41] J. D. Jackson, Classical Electrodynamics (Wiley & Sons,
Inc., 1999), 3rd ed.
[42] Y. L. Pivovarov and et al., Nucl. Inst. Meth. B 119, 283
(1996).
[43] O. Bru¨ning et al., eds., The LHC Design Report (2004),
CERN Report No. 2004-003, http://lhc.web.cern.ch.
[44] H. Daido, M. Nishiuchi, and A. S. Pirozhkov, Rep. Prog.
Phys. 75, 056401 (2012).
[45] T. Esirkepov, M. Borghesi, S. V. Bulanov, G. Mourou,
and T. Tajima, Phys. Rev. Lett. 92, 175003 (2004).
[46] N. A. Belov and Z. Harman, arXiv:1404.1828 (2014).
[47] P. Schlu¨ter, G. Soff, and W. Greiner, Phys. Rep. 75, 327
(1981).
